Introduction
As pointed out in [1] , there is a gap in our paper [7] , at the very end of the proof of Theorem 4.5.1, concerning the creation of a model category structure on the category 2-Cat of 2-categories. The source of the error is Proposition 4.4.1, the proof of which is incorrect and which may not be true in complete generality, but which is necessary for the proof of Lemma 4.5.2, the key to the last step in the proof of Theorem 4.5.1.
On the other hand, a considerably weakened version of this problematic Proposition 4.4.1 actually suffices to complete the proof of Theorem 4.5.1 in [7] . Indeed the conclusion of the proof of Theorem 4.5.1 relies only on a very special case of Lemma 4.5.2 and thus only on the following very special case of Propostion 4.4.1, which we establish below. We refer the reader to [7] for the definitions of the relevant notions. Proposition 1.1. Let j k,n : Λ n k → ∆ n denote the inclusion of the k th horn of the standard simplicial n-simplex. Let Sd 2 denote the second simplicial subdivision functor and C 2 : sSet → 2-Cat the 2-categorification functor.
For any 2-functor F : C 2 • Sd 2 (Λ n k ) → A, the induced 2-functor from A to the pushout of F along C 2 • Sd 2 (j k,n ) is a skew immersion.
While Lemma 4.5.2 in [7] may not be true as stated, the proof given there does establish the following result. Corollary 1.3. For any 2-functor F : C 2 • Sd 2 (Λ n k ) → A, the image of the pushout square
The key to the proof of Proposition 1.1 is the following translation of the problem into the world of posets.
Let X be a non-singular simplicial set, i.e., a simplicial set such that the simplicial map ∆ n → X representing any non-degenerate simplex is a cofibration of simplicial sets [ 
where N 1 is the usual nerve functor, while the functor (−) # associates to any simplicial set its poset of non-degerate faces. In particular, (C 2 • Sd 2 )(X) is the 2-categorification of the usual nerve of a poset. Moreover (C 2 • Sd 2 )(Λ n k → ∆ n ) factors through what Thomason called a collar [5] , which can be calculated as
It is thus quite practical to generalize our analysis to the setting
with P and Q arbitrary posets and ↑ Q P the upper-closure of P in Q, thus circumventing the details of the simplicial subdivision. We show that (1.2) is a skew immersion if the inclusion of posets P →↑ Q P admits a retraction forming a coreflection [3] , and P is down-closed (Proposition 4.5). We prove moreover that pushing out skew immersions arising this way along arbitrary 2-functors produces skew immersions (Proposition 4.7). Since standard simplices and their horns are non-singular, it suffices then to establish that N 1 (Λ n# k ) # has a collar in N 1 (∆ n# ) # (Proposition 5.1). Section 2 recaps the main points of 2-categorification, while section 3 provides an explicit description of the 2-categorifications of the standard nerve of a poset. Section 4 is dedicated to the question of stability under pushout of the class of skew immersions induced by coreflections of posets. Finally, section 5 makes precise why this machinery can be applied to the case of horn inclusions.
Remark 1.4. To keep this text as short as possible, we refer the reader to our original article [7] for many definitions and results, instead of restating them here.
The fundamental 2-category of a simplicial set
The 2-nerve functor N 2 : 2-Cat → sSet, is specified on objects by
where Lax norm (−, −) denotes the set of lax normal maps. It admits a left adjoint C 2 : sSet → 2-Cat called the fundamental 2-category or 2-categorification. For any simplicial set K, the 2-category C 2 (K) can be computed recursively from its 3-skeleton as follows [7, Remark 2.3.2].
Notation 2.1. For x ∈ K n , represented by a simplicial map ξ : ∆ n → K, and any 0 ≤ i 0 < · · · < i m ≤ n, let x i0,...,im ∈ K m denote the simplex represented by the composite
where Y ı is the simplicial map determined by Y ı (0, . . . , m) = (i 0 , . . . , i m ).
Consider the diagram of sets
• s 0 and t 0 are the face maps d 1 and d 0 ;
• K 1 is the free category on the reflexive graph (K 0 , K 1 ), where the distinguished loops are the degeneracies of the vertices;
• (K 0 , K 1 , K 2 ) is the derivation scheme (cf. [7, Definition 2.1.3]) specified by
where ";" is the horizontal concatenation operator, for any x ∈ K 2 ;
• (K 0 , K 1 , K 2 ) is the free 2-category on this derivation scheme;
• for all y ∈ K 3 , s 2 (y) = (y 01 ; y 123 ) · y 013 and t 2 (y) = (y 012 ; y 23 ) · y 023 , where ";" and "·" denote whiskering and vertical concatenation, respectively.
where ∼ is the sesquicongruence (cf. [7, Definition 2.1.5]) generated by s 2 (y) ∼ t 2 (y) for all y ∈ K 3 and by identifying degeneracies of a 1-simplex x with the identity 2-cells on x.
Remark 2.2. In the construction above, for any y ∈ K 3 , s 2 (y) is the pasting obtained from the even faces of y, while t 2 (y) is the pasting obtained from the odd faces of y, as in Street's orientals of dimension 2 [4] . These are the only possible pastings of the faces of y.
The fundamental 2-category of the nerve of a poset
We now specialize the construction of the previous section to the case K = N 1 (P ), the (ordinary) nerve of a poset P . It turns out that the fundamental 2category of N 1 P has a particularly simple form.
, while all empty sequences are denoted . Proposition 3.2. If (P, <) is a poset, then Γ(P ) is a locally partially ordered 2category, the objects of which are the same as those of P and such that for all x, y ∈ P , the poset Γ(P )(x, y) is isomorphic to
where σ < τ if and only if τ is a (possibly iterated) face of σ.
Proof. Note that by the definition of the nerve,
for all 0 ≤ i ≤ n. Applying the algorithm from the previous section for constructing C 2 (K), we therefore see easily that • the objects of Γ(P ) are the same as those of (P, <);
which we denote x 1 , . . . , x n ; Note that the generating 2-cell corresponds to the action of the face operator
To define a functor
it suffices to specify where α sends paths from x to y and where it sends the generating 2-cells. The two sides of equation (3.1) will then necessarily have the same image under α, since there is at most one morphism between any two objects of a poset, and thus α will indeed be a functor.
Observe first that since id x = x, x = by construction of a free category on a reflexive graph, every path in Γ(P )(x, y) has a unique representative of the form [x 1 , x 2 ]; [x 2 , x 3 ]; . . . ; [x n−1 , x n ] with x i = x i+1 for all 1 ≤ i < n, where x 1 = x and x n = y. With respect to this representative, we set
Since [x, z] = d 1 [x, y, z] in N 1 (P ) for all x < y < z in P , α x, y, z < α x, z with respect to the partial order defined above, and we define α x, y, z to be this inequality.
The functor α is clearly bijective on objects. We now prove that it is bijective on morphisms as well, and thus an isomorphism of posets, by showing first that there is a 2-cell in Γ(P ) from one 1-cell to another only if the target 1-cell is a subsequence of the source and then that there can be at most one 2-cell linking two 1-cells.
It follows from the analysis of the functor C 2 in the previous section that if
x, x 1 , . . . , x n , y ⇒ x, x 1 , . . . , x m , y is a 2-cell, then m ≤ n, and there exist 1 ≤ i 1 < · · · < i m ≤ n such that x ij = x j for all 1 ≤ j ≤ m. In particular, if m = n − 1, then there exists 1 ≤ i ≤ n such that
whence, by the construction of C 2 (N 1 P ), there is a unique 2-cell
. , x n , y to x, x 1 , . . . , x m , y . It follows easily from equation (3.1) that
for all 1 ≤ i < n. Moreover, if i < j, then the exchange rule for horizontal and vertical composites in a 2-category implies that δ i ·δ = δ j−1 ·δ i : x, x 1 , . . . , x n , y ⇒ x, x 1 , . . . , x i−1 , x i+1 , . . . , x j−1 , x j+1 , . . . , x n , y .
In other words, the 2-cells δ i satisfy the simplicial identities for face maps. By the definition of C 2 (N 1 P ), any 2-cell
x, x 1 , . . . , x n , y ⇒ x, x 1 , . . . , x m , y as above is a vertical composite of the form δ j1 · · · · · δ jn−m . Since the δ i satisfy the simplicial identities, every such composite is equal to the same "normal form" δ 1 · · · · · δ i1−1 · δ i1+1 · · · · · δ im−1 · δ im+1 · · · · · δ n , where x ij = x j for all 1 ≤ j ≤ m. We conclude that if there is a 2-cell between two paths with the same endpoints, then it is unique.
Collars of posets and pushouts
In this section we apply our explicit description of the 2-categorification of the nerve of a poset to providing conditions under which inclusions of posets give rise to skew immersions. 
If P =↑ Q P , then P is up-closed in Q.
The lower closure of P in Q is
If P =↓ Q P , then P is down-closed in Q. where x 0 = x and x n+1 = y. Note that since P is down-closed, if x s ∈ P , then x j ∈ P for all j ≤ s. By construction ε x,...,y ∈ Γ P Q (x, y), and condition (1) holds. Condition (2) follows essentially immediately from the definition of ε as well.
To check condition (3), we consider the various possible cases. When z ∈ P , both of the desired 2-cells are identities. When z ∈ P but y ∈ P , the first 2cell is an identity, while the second is the unique 2-cell from x, . . . , y, . . . , z to x, . . . , y, . . . , y s , z where y s ∈ P but y s+1 ∈ P . When y ∈ P and x ∈ P , the first 2-cell is the unique 2-cell More generally, as we prove in the next proposition, pushing Γ(P → P Q → Q) out along a 2-functor Γ(P ) → A also gives rise to a skew immersion, essentially because the pushout consists of a "poset" in A to which a "collar" has been glued, where the collar is a free locally partially ordered category with no non-trivial loops. Retractions are preserved by pushout: the 2-functor Γ(i) admits a retraction
which is determined by the identity on A and by F •Γ(r) on Γ P Q . In particular, R(y) = F • r(y) for all y ∈ P Q . We need to define a distortion
which requires us first to understand the 1-morphisms in A + Γ(P ) Γ P Q . By [7, Remark 2.2.1], 1-morphisms a in A + Γ(P ) Γ P Q can be described as strings of 1-morphisms in A and Γ P Q with matching source and target, identified on F Γ(P ) . Each 1-morphismā ∈ A+ Γ(P ) Γ P Q therefore admits a representativē
where f i ∈ A and g i ∈ Γ P Q for all i. If f i is an identity for some i, the length of the string can be shortened, if i = 1, by dropping f 1 , and if i > 1, by composing g i and g i+1 in Γ P Q . If all the f i are identities, thenā reduces to a single g = x 0 , x 1 , . . . , x n in Γ P Q . In this case we can assume that no x i , except possibily x 0 , lies in P : for suppose that s is the greatest index for which x s ∈ P , whence x j ∈ P for all j ≤ s and thereforeā is identified, in the pushout, with a string f ; g where
Now suppose m > 1 and none of the f i are identities. Then, for each 1 ≤ i = m, in order for the codomain y i of g i to agree with the domain of f i+1 we must have y i ∈ P . Since P is down-closed in Q, any arrow whose codomain is in P must lie entirely in P , that is, g i ∈ Γ(P ) for all 1 ≤ i < m. Thereforeā is identified, in the pushout, with a string f ; g where
As above we can assume g = x, x 1 , . . . , x n where x ∈ P if f is nontrivial, but none of the x i are in P . Thus every 1-morphismā in the pushout A + Γ(P ) Γ P Q admits a unique representative of one of the following three forms:
(2)ā = f ; g, where f ∈ A 1 and g = x, y 1 , . . . , y n ∈ Γ P Q 1 , n ≥ 1, with
x ∈ P and y i ∈ P Q P for all i,
(3)ā = g, where g = y 1 , . . . , y n , with y i ∈ P Q P for all i.
denote the distortion of the previous proof. The analysis above of the 1-morphisms in A + Γ(P ) Γ P Q implies that we can define ε by ε f = f for every 1-morphism of type (1), ε f ; x,y1,...,yn = f ; ε x,y1,...,yn = f ; x, y n for every 1-morphism of type (2), and ε y1,...,yn = ε y1,...,yn = ȳ 1 , y n for every 1-morphism of type (3) . Straightforward generalizations of the steps in the previous proof imply that ε is the desired distortion.
Conclusion
To prove Proposition 1.1, it remains to show that nerves of horn inclusions admit collars. Clearly the upper closure of P in Q is the subposet of Q containing all but three sequences: {[n]}, {d k [n]} and {d k [n] ⊂ [n]}. These are the only sequences in Q none of whose subsequences lie in P .
We can therefore define a retraction from this upper closure to P by r σ 0 ⊂ · · · ⊂ σ s = σ i : σ i does not contain [n] or d k [n] .
This is well defined: the images are nonempty sequences of strict inclusions of elements of Λ n# k . It clearly preserves inclusions of subsequences, that is, it is a poset map, and its restriction to P is the identity. Finally, it is a coreflection, as ir (σ i ) 0≤i≤s is a subsequence of (σ i ) 0≤i≤s .
Proof of Proposition 1.1. Since N 1 (Λ n# k ) # has a collar in N 1 (∆ n# ) # , and N 1 (Λ n# k ) # is down-closed, Proposition 4.7 implies that for any 2-functor
given by pushing out the 2-functor induced by the horn inclusion j k,n : Λ n k → ∆ n along F is a skew immersion. The identification of equation (1.1) enables us to conclude.
